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An A1-fibration on an algebraic surface is well understood and plays an important role
in the classification of open algebraic surfaces. We consider A1-fibrations on higher-
dimensional affine algebraic varieties, mostly in the case of affine threefolds and extend
the results known in the case of surfaces. Special attention is paid to degenerate fibers
of A1-fibrations and singularities of the quotient surface by a Ga-action. We distinguish
the quotient morphism by a Ga-action from an A1-fibration. Ga-actions will give more
information on the A1-fibration induced by the actions.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
Let k be an algebraically closed field of characteristic zero which we fix as the ground field. In this article, we define an
A1-fibration as a dominant morphism p : Y → X of integral normal affine algebraic k-schemes such that general (closed)
fibers of p are isomorphic to A1. In this article, integral algebraic k-schemes are synonymous to algebraic varieties defined
over k.
The notion of A1-fibration plays an important role in the theory of affine algebraic surfaces, especially for those with
logarithmic Kodaira dimension−∞. The same role is expected in the study of affine algebraic varieties of higher dimensions.
However, as dim Y (hence dim X) grows, (1) the morphism pwill have closed singular fibers of dimension greater than one
(and hence p fails to be a flat morphism), (2) X may acquire singular points although Y is smooth, and (3) some of the fiber
components of pmay not be rational.
A major class of A1-fibrations is given when the additive group scheme Ga acts algebraically on affine normal schemes
Y . If the ring of invariants Γ (Y ,OY )Ga of a Ga-action on a normal affine variety Y is finitely generated over k, then we say
that X = Spec Γ (Y ,OY )Ga is the (algebraic) quotient and denote it by Y/Ga (or Y//Ga). The induced morphism p : Y → X is
called the quotient morphism. However, even if the ring of Ga-invariantsΓ (Y ,OY )Ga is not finitely generated, it is convenient
to consider the induced morphism p : Y → X as the quotient morphism. We call this morphism the quotient morphism in
the generalized sense.
In the case dim Y = 2, any surjective A1-fibration is the quotient morphism by a Ga-action. But this will not be the case
if dim Y ≥ 3. Hence we need to know the conditions with which one can distinguish the quotient morphisms from the
A1-fibrations. It is shown in Theorem 1.4 that anyA1-fibration p : Y → X is split as the composite p : Y p−→X → X , wherep is the quotient morphism by a Ga-action on Y in the generalized sense andX is the factorial closure of X whose coordinate
ring is the ring of Ga-invariants in Γ (Y ,OY )with respect to a Ga-action on Y which is naturally defined by the morphism p.
The factorial closureX is not necessarily an algebraic scheme if dim Y > 3 since there exist counterexamples to the Hilbert
fourteenth problem. ButX is affine algebraic in the case dim Y = 3.
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The quotient morphism by Ga-actions are not docile objects to study. Notwithstanding, there are a number of articles
which precede our present work and investigate the quotient morphisms under Ga-actions in terms of fiber components
of bigger dimension and singularities of the quotient space (see [2,7–10,37]). We consider in the present article mostly the
quotient morphisms by Ga-actions in the case dim Y = 3.
In Section 1, we consider the properties ofA1-fibrations and the quotient morphisms by Ga-actions which can be treated
by algebraic methods. The condition that Y is factorial, i.e., the coordinate ring of Y is a UFD makes the situation easier to
treat. With the factoriality condition in the case dim Y = 3, the A1-fibration p : Y → X being the quotient morphism by a
Ga-action is equivalent to the morphism being equi-dimensional (see Lemma 1.11). We also consider the one-dimensional,
reducible, singular fibers of p (see Lemma 1.10). If there are no singular fibers, the A1-fibration p : Y → X is an A1-bundle
over the image p(Y ). We also discuss theA1-fibrations by replacing the factoriality condition by theQ-factoriality condition
(see Lemmas 1.14 and 1.16).
There is an important example of A1-bundle over A2 \ {0} due to S.M. Bhatwadekar (Example 1.12). In Section 2, we
extend this example and classify all the A1-bundles over A2 \ {0}. As one of such surfaces, we find a Ga-action on a non-
factorial smooth affine 3-fold such that the quotient morphism p : Y → X has the properties that X ∼= A2, p−1(0) ∼= A2
and p is an A1-bundle over A2 \ {0} (see Example 2.3). This makes a sharp contrast with the case where Y is factorial
(see Theorem 1.11, (1)). We have a conjecture that if p : Y → X is the quotient morphism by a Ga-action on a smooth affine
3-fold Y , then the singularities on X are at most cyclic singularities. Our trial toward solving this conjecture is to classify all
the A1-bundles over the Platonic A1∗-surfaces U := A2/G− {O} (see [27] for the relevant results), where G is a cyclic group
and extend some of such A1-bundles to smooth affine 3-folds with Ga-actions such that the quotient morphism coincides
with the given A1-fibration of the A1-bundle and the quotient space is A2/G. The equation defining such an A1-bundle over
U is rather involved, and we are not successful so far in this direction. The same object has been taken up independently
and from a different viewpoint in [10]. Notably, the interpretation of the Čech cohomology H1(U,OU) is the same as ours,
where U = A2 − {(0, 0)}.
In Section 3, we come back again to the study of degenerate fibers and singularities of the quotient space X when the
A1-fibration p : Y → X is given by a Ga-action. The difference between sections one and three is that we assume the ground
field k to be the complex number fieldC in the section three in order to use freely the topological and geometric arguments.
The scheme Y is a smooth affine 3-fold inmost results. If Y is not complete, the fixed point locus Y Ga is either the empty set or
is positive-dimensional by the argument of Bialynicki-Birula [3] (see also [12, Theorem 1.30 and related references therein]).
If the fiber p−1(P) with a point P of X has an irreducible component of dimension one, P has at most a quotient singularity
in X (see Lemma 3.4). It is shown in Lemma 3.5 that if F is a one-dimensional fiber over a point P ∈ X of the morphism p,
then F is a disjoint union of contractible curves and in fact a disjoint union of the affine lines provided F is a reduced fiber
(cf. Corollary 3.12). We expect that the last result holds without F being reduced. Although Ga-action is not exploited fully in
the higher-dimensional case, Example 3.13 may suggest that the existence of Ga-stable embedded components in the fiber
p−1(F) has something to dowith unpleasant complicated behaviors of the fibers. In the last part of the section, it is observed
that for the quotient morphism p : Y → X by a Ga-action, the triviality of the tangent bundle TX implies the triviality of TY
(see Lemma 3.14). Even if the ambient variety Y with a Ga-action is smooth, the singularities on the quotient space seem to
depend on the way how Ga acts on Y . In [8,9], Deveney and Finston gave some interesting results.
In Section 4, we consider a polynomial ring B = k[x, y, z] and a nonzero k-derivation D of B, which is not necessarily a
locally nilpotent derivation. Let A = Ker D = {b ∈ B | D(b) = 0}. We set Y = Spec B, X = Spec A and p : Y → X the
morphism induced by the inclusion A ↩→ B. So, we have a situation similar to the one we consider in the previous sections.
The k-algebra A is an affine k-domain and has dimension at most two. The general fibers of p are irreducible and reduced,
although theymay not be isomorphic to the affine space. We describe a necessary and sufficient condition for D to be locally
nilpotent in terms of the morphism p and the variety X (see Lemma 4.2). Theorem 4.3 is a slight generalization of the result
in [27] saying that the Ga-invariant subalgebra of B is a polynomial ring in two variables over kwhen Ga acts on Y = A3.
The following is our notational convention. Given a dominant morphism p : Y → X and a subscheme U of X , p−1(U) is
the fiber product Y ×X U . In particular, if P is a point of X , p−1(P) is Y ×X Spec k(P), where k(P) is the residue field of P in
X , and we call it the fiber of p over P .
1. A1-fibrations and Ga-actions
The definition ofA1-fibration implies that the fiber over the generic point of X is isomorphic toA1 (the generic triviality)
(see [19, Theorem 2]). By the same result, we know the following result.
Lemma 1.1. Let p : Y → X be anA1-fibration of integral algebraic k-schemes. Then there exists a non-empty Zariski-open subset
U of X such that
(1) U is contained in the smooth locus of X.
(2) The restriction pU : p−1(U)→ U is an A1-bundle in the Zariski topology of X.
In the present article, an integral domain R is said to be factorial if R is a UFD. Similarly, an affine scheme Spec R is factorial
if so is R. This use of the term factoriality is different from the use in projective algebraic geometry where factoriality means
the coincidence of Weil divisors with Cartier divisors. We say that an algebraic k-scheme X is locally factorial if the local
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ring OX,x is a UFD for every point x of X . In the setting of Lemma 1.1, we assume that X and Y are affine schemes. Write
Y = Spec B and X = Spec A. Then the morphism p identifies Awith a k-subalgebra of B. We say that A is factorially closed in
B if a = b1b2 for an element a ∈ Awith b1, b2 ∈ B implies b1, b2 ∈ A. The following result is well known.
Lemma 1.2. Let p : Y → X be anA1-fibration of integral algebraic k-schemes. Assume that X and Y are affine and A is factorially
closed in B. Then there exists an algebraic action of the additive group scheme Ga on Y such that p is the quotient morphism in the
generalized sense that A coincides with the invariant k-subalgebra BGa . Conversely, if Ga acts on Y = Spec B nontrivially, then the
quotient morphism in the generalized sense p : Y → X is an A1-fibration, where X = Spec A with A = BGa and A is necessarily
factorially closed in B (see Lemma 3.1).
Proof. By Lemma1.1, there exists an open setU such that p−1(U) is anA1-bundle.We can takeU in such away thatU = D(a)
with a ∈ A and p−1(U) ∼= U × A1. Hence B[a−1] = A[a−1][t] for an element t ∈ B which is algebraically independent over
A. Since B is finitely generated over k, write B = k[b1, . . . , bn]. Consider the partial derivation ∂t on A[a−1][t]which is trivial
on A[a−1]. Then there exists an integer N > 0 such that aN · ∂t(bi) ∈ B for 1 ≤ i ≤ n. Set δ = aN · ∂t . Then δ is a locally
nilpotent derivation on Bwhich is trivial on A. Hence A ⊆ Ker δ ⊆ A[a−1] ∩ B. Let b ∈ A[a−1] ∩ B. Then amb = a1 ∈ A. Since
A is factorially closed in B, we infer that b ∈ A. Hence Ker δ = A. This shows that A = BGa and p is the quotient morphism.
The second assertion is easy to show. 
Quotient morphism in the generalized sense as defined in the Introduction is often abbreviated as quotient morphism.
If A is not factorially closed in B, an A1-fibration is not given by a Ga-action. The following example shows that p is not
necessarily equi-dimensional in such a case (cf. Lemma 1.10). Hence Lemma 2.1.2 in [25] is false.
Example 1.3. Let B = k[x, y, z] be a polynomial ring and A = k[x, xy]. It is clear that A is not factorially closed in B. Let
Y = Spec B and let X = Spec A. The inclusion A ↩→ B defines an A1-fibration p : Y → X . In fact, for a point P ∈ X defined
by x = α, xy = β with α, β ∈ k, the fiber p−1(P) is an affine line x = α, y = β/α provided α ≠ 0, while it is an affine
plane x = 0 provided α = 0. The morphism p has a fiber of dimension 2, and is not surjective since the image of p misses
the points of the punctured affine line A1∗ = {x = 0} \ {the point of origin}. 
Concerning the image p(Y ) in X , we prove a general result later in Lemma 1.6.
Theorem 1.4. Let p : Y → X be an A1-fibration of integral affine algebraic k-schemes. With the notations in Lemma 1.2, there
exists a factorially closed k-subalgebraA of B such that A ⊆A,Q (A) = Q (A) and the morphismp : Y → X = SpecA induced
byA ↩→ B is the quotient morphism in the generalized sense by a Ga-action on Y . The A1-fibration p : Y → X is thus factorized
to a composite ν ·p ofp and a birational morphism ν :X → X. Such a factorization is unique.
Proof. There exists a locally nilpotent derivation δ of B such that A ⊆ A andA ⊆ A[a−1] for an element a ∈ A, whereA = Ker δ (see the proof of Lemma 1.2).A is factorially closed and the morphismp : Y → X is the quotient morphism by
the Ga-action associated with δ. Let C be a factorially closed k-subalgebra of B such that A ⊆ C and Q (C) = Q (A). Let b ∈ C .
Then b ∈ Q (A). Thus a1b = a2 for elements a1, a2 ∈ A. SinceA is factorially closed, b ∈A. Hence C ⊆A. Conversely, a similar
argument shows thatA ⊆ C . Hence C =A. 
We callA the factorial closure of A in B. If dim B ≤ 3 and B is finitely generated over k, thenA is finitely generated over k
since the fourteenth problem of Hilbert has a positive answer [38]. Meanwhile, if dim B ≥ 4, the factorial closureA of A in B
may not be finitely generated over k even if A and B are finitely generated over k. This is shown by the following example.
Example 1.5. Consider the counterexample of the fourteenth problem of Hilbert due to Roberts [34], where B = k[x, y, z,
S, T ,U, V ] is a polynomial ring in seven variables and δ is a locally nilpotent derivation given by
δ = xt+1 ∂
∂S
+ yt+1 ∂
∂T
+ zt+1 ∂
∂U
+ (xyz)t ∂
∂V
,
where t ≥ 2. LetA = Ker δ. Since S/xt+1 is a slice in B[x−1], i.e., δ(S/xt+1) = 1, we have B[x−1] = A[x−1][S/xt+1],
whence A[x−1] is finitely generated over k. Write A[x−1] = k[x, x−1, y, z, f1, . . . , fℓ], where f1, . . . , fℓ ∈ A. Similarly,
T/yt+1 (resp. U/zt+1) is a slice in B[y−1] (resp. B[z−1]). Hence we can write A[y−1] = k[x, y, y−1, z, g1, . . . , gm]
(resp. A[z−1] = k[x, y, z, z−1, h1, . . . , hn]), where g1, . . . , gm, h1, . . . , hn ∈ A. Let A be the normalization of a subring
k[x, y, z, f1, . . . , fℓ, g1, . . . , gm, h1, . . . , hn]. Then A ⊆ A, and the inclusion A ↩→ B defines an A1-fibration p : Spec B →
Spec A. By the construction of A, it is clear that p coincides with the quotient morphismp : Spec B → Spec A by the
Ga-action associated with δ over the open set D(x) ∪ D(y) ∪ D(z). Then the factorial closure of A in B isA sinceA = Ker δ.
The subalgebraA is not finitely generated over k by [34]. 
We note here the following result.
Lemma 1.6. Let p : Y → X be an A1-fibration of normal affine algebraic k-schemes such that, with the above notations, A is
factorially closed in B, whence p is the quotient morphism by a Ga-action. Then p(Y ) contains all codimension one points of X,
Namely, for any irreducible codimension one subvariety Z of X, p(Y ) ∩ Z contains a non-empty open set of Z . In particular, if
dim Y = 2, p is surjective, and if dim Y = 3, the image p(Y ) is an open set of X and X − p(Y ) consists of finitely many points.
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Proof. Suppose that there exists an irreducible codimension one subvariety Z such that p(Y ) ∩ Z ≠ Z . Let p be a prime ideal
of A such that V (p) = Z . LetO = Ap, which is a discrete valuation ring of the function field Q (A), where Q ( · ) stands for the
quotient field. Let t be a uniformizant of O, which we may assume to be an element of p. Then the hypothesis implies that
t(B⊗A O) = B⊗A O. Hence there exist elements a ∈ A \ p and b ∈ B such that tb = a. Meanwhile, b is then a Ga-invariant
element, and hence b ∈ A. This is a contradiction. The rest of the assertions is easy to show. 
Concerning the closed set X − p(Y ) in the case dim Y = 3, we give the following example which shows that #(X − p(Y ))
is arbitrary.
Example 1.7. Let ϕ(x) ∈ k[x] (resp.ψ(y) ∈ k[y]) be a polynomial such that gcd(ϕ(x), ϕ′(x)) = 1 (resp. gcd(ψ(y), ψ ′(y)) =
1). Let Y be the hypersurface ϕ(x)z = ψ(y)u+ 1. Then Y is smooth and has a Ga-action defined by δ(x) = δ(y) = 0, δ(z) =
ψ(y) and δ(u) = ϕ(x). Then A := Ker δ = k[x, y] and the quotient morphism p : Y → X has the image X − S, where
S = {(α, β) | ϕ(α) = ψ(β) = 0}. 
We remark the following result which gives a sufficient condition for a given A1-fibration to descend down under a
birational morphism.
Lemma 1.8. Let Bi (i = 1, 2) be a normal affine k-domain such that B1 is a subalgebra of B2 and Q (B1) = Q (B2). Let Ai (i = 1, 2)
be an affine k-subalgebra of Bi such that A1 = A2 ∩ B1. Let Yi = Spec Bi and Xi = Spec Ai. Let pi : Yi → Xi be the morphism
induced by the inclusion Ai ↩→ Bi. Assume that A2 is integrally closed in B2 and dim A1 = dim B2−1. Then the following assertions
hold.
(1) If p2 is an A1-fibration, so is p1.
(2) If A2 is factorially closed in B2, so is A1 in B1. Hence if p2 is the quotient morphism of a certain Ga-action on Y2, there exists a
Ga-action on Y1 and p1 is the quotient morphism under this Ga-action.
Proof. (1) Let ϕ : Y2 → Y1 be a birational morphism induced by the inclusion B1 ↩→ B2. Let E be an irreducible
exceptional subvariety of ϕ. It suffices to show that p2|E : E → X2 is not dominating, for a general fiber F2 of p2 is then
isomorphic to the image ϕ(F2). Suppose the contrary. LetP2 be a prime ideal of B2 corresponding to E. ThenP2 ∩ A2 = (0)
and dim B2/P2 = dim A2. Set P1 = P2 ∩ B1. Then B1/P1 ⊆ B2/P2 and dim B1/P1 < dim B2/P2 because E is an
exceptional divisor for ϕ. Since P1 ∩ A1 = (P2 ∩ A2) ∩ A1 = (0), it follows that A1 ⊆ B1/P1. This is a contradiction
since dim A1 = dim B2 − 1 = dim B2/P2 by the assumption. So, p1 is split by an A1-fibration q1 : Y1 → Z = Spec R, where
R is the normalization of A1 in B1. Since A2 is integrally closed in B2 and A1 = B1 ∩ A2, it is then easy to show that R = A1.
Hence p1 is an A1-fibration.
(2) Since A1 = B1 ∩ A2 and A2 is factorially closed in B2, it is easy to show that A1 is factorially closed in B1. Then, by
Lemma 1.2, p1 is the quotient morphism under a certain Ga-action on Y1. 
The following example will exhibit the situation treated in the above lemma.
Example 1.9. Let B1 = k[x, y, z] be a polynomial ring and let B2 = k[x, yx , z]. Define a locally nilpotent derivation δ2 on B2
by δ2(z) = yx , δ2
 y
x
 = x, δ2(x) = 0. Then A2 := Ker δ2 = k x, 2xz −  yx 2. Let A1 = B1 ∩ A2. Then A1 = k[x, 2x3z − y2].
The derivation δ2 defines a Ga-action on Y2 = Spec B2, whose quotient morphism p2 : Y2 → X2 := Spec A2 is given by the
inclusion A2 ↩→ B2. Let Y1 = Spec B1 and let X1 = Spec A1. Then the morphism p1 induces an A1-fibration p1 : Y1 → X1.
Indeed, for a point P of X1 given by x = α, 2x3z − y2 = β with α, β ∈ k, the fiber p−11 (P) is an affine line 2α3z − y2 = β
provided α ≠ 0, a disjoint union of two affine lines provided α = 0 and β ≠ 0 and a multiple affine line with multiplicity 2
provided α = β = 0. If α ≠ 0, this fiber is the image of the fiber

x = α, 2xz −  yx 2 = βα2 , but if α = 0, the  yx , z-plane is
mapped surjectively to the fiber α = β = 0. Although δ2 does not induce a locally nilpotent derivation on B1, the subalgebra
A1 is still the kernel of a locally nilpotent derivation δ1 on B1 that is defined by δ1(x) = 0, δ1(y) = x3 and δ1(z) = y. 
Let us consider the existence of an irreducible component in a fiber of the morphism p : Y → X which has dimension
greater than one.
Lemma 1.10. With the same notations and assumptions as in Lemma 1.2, we assume that dim Y ≥ 3, Y is factorial and the
morphism p is the quotient morphism under a Ga-action on Y . Then the following assertions hold.
(1) There is no irreducible component of codimension one contained in a fiber of p. Hence, if dim Y = 3, then every irreducible
component contained in a fiber of p is the surjective image of a contractible curve.
(2) If dim Y ≥ 4, then an irreducible component of dimension> 1 can exist in a fiber of p.
Proof. (1) Suppose that a fiber F = p−1(P) contains an irreducible component Z of codimension one. Since Y is factorial, Z
is defined by an element f ∈ B. Since Z is Ga-stable, it follows that δ(f ) is divisible by f . Then δ(f ) = 0, where δ is the locally
nilpotent derivation of B corresponding to the given Ga-action. Hence the defining ideal fB of Z is the extension of an ideal
fA in A. This contradicts the assumption that p(Z) is the point P . Suppose dim Y = 3. Then dim X = 2. Let F0 be a possibly
reducible fiber of p lying over a point P ∈ X . Take a sufficiently general irreducible curve C in X passing through the point P
and letW = p−1(C). ThenW is an irreducible affine surface having the induced A1-fibration pW : W → C , and F0 is a fiber
of pW . Note that for a small open subset U0 of C , p−1W (U0) ∼= U0×A1 and p−1W (U0) is smooth. Let W be the normalization ofW
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and letC be the normalization of C . Then W νW−→ W pW−→ C splits as W pW−→C ν−→ C , where νW and ν are the normalization
morphisms ofW and C , respectively. It is clear that pW is anA1-fibration, and that the fiber F0 is a surjective image of a fiberF0 of pW . SinceF0 is a disjoint union of the affine lines [24, Chapter I, Section 6], it follows that every irreducible component
of F0 is the image of the affine line. (There is a related result in Lemma 3.5 below about a degenerate fiber of p.)
(2) We consider an example of Bonnet [2], where Y = A4 = Spec k[x, y, u, v]with the Ga-action given by
t(x, y, u, v) → (x, y, u− ty, v + tx).
Then the invariant subalgebra A is given by k[x, y, xu + yv] and X = A3. The fiber F0 of p lying over the point of origin
x = y = xu+yv = 0 contains an irreducible component isomorphic toA2 = Spec k[u, v]. See [37] for another example. 
Concerning the coincidence between A1-fibrations and the quotient morphisms by Ga-actions, we obtain the following
result by summarizing partly the above observations.
Theorem 1.11. With the same notations as above, let p : Y → X be an A1-fibration of normal affine algebraic k-schemes such
that the factorial closureA of A in B is an affine k-domain. Then the following assertions hold.
(1) If there are no irreducible components of dimension> 1 in the fibers of p and the closed set X − p(Y ) has codimension greater
than one in X, then p is the quotient morphism by a Ga-action on Y .
(2) Assume that Y is factorial and has dimension three. Then p is the quotient morphism by a Ga-action if and only if there is no
irreducible component of codimension one in the fibers of p.
(3) Assume that dim Y = 2. Then p is the quotient morphism by a Ga-action on Y if and only if p is surjective.
Proof. (1) By Lemma 1.2, there exists a locally nilpotent derivation δ on B such that the associated quotient morphism
coincides with p for general fibers. Then Ker δ is the factorial closureA of A in B by Theorem 1.4. ThenA is a normal, affine
k-domain by the assumption, A is a subalgebra ofA and Q (A) = Q (A). We shall show thatA = A. The A1-fibration p splits
as p : Y p−→ X ν−→ X , whereX = Spec A andp is the quotient morphism by a Ga-action. Then codim X (X −p(Y )) ≥ 2
by Lemma 1.6. Since all the fibers of p (if not empty) are one-dimensional, so are the fibers ofp. LetZ = X −p(Y ) and
Z = X − p(Y ). Then codim XZ ≥ 2 as remarked above, codim XZ ≥ 2 by the hypothesis and hence ν(X −Z) contains all
codimension one points of X . Furthermore, ν induces a quasi-finite morphism fromX −Z to X − Z because, over any closed
point of X − Z , there are finitely many fibers which have dimension one by the hypothesis and hence are parametrized by
finitely many points ofX−Z . SinceX and X are normal, Zariski’s main theorem implies thatX−Z is an open subset of X−Z .
ThenA = Γ (X −Z,OX ) = Γ (X − Z,OX ) = A.
(2) The ‘‘if’’ part follows from the assertion (1) above. The ‘‘only if’’ part follows from the assertion (1) of Lemmas 1.6 and
1.10.
(3) Suppose p is surjective. Let δ be a locally nilpotent derivation of B as defined in Lemma 1.2 and let B0 = Ker δ. Then
we have the inclusions A ⊆ B0 ⊆ B. Clearly, Z := Spec B0 is a normal affine curve which is birational to X . Since p is
surjective, the morphism q : Z → X induced by the inclusion A ⊆ B0 is surjective. Hence q is an isomorphism. Namely, p is
the quotient morphism associated to δ. Suppose that p is the quotient morphism by a certain Ga-action on Y . We shall show
that p is surjective. Let Z := p(Y ). Then Z is an open set of the affine curve X , whence Z is an affine curve. Let A′ = Γ (Z,OZ ).
Then we have the inclusions A ⊆ A′ ⊆ B. We shall show that A = A′. In fact, let a′ ∈ A′. Since Q (A′) = Q (A), there exist
a1, a2 ∈ A such that a1a′ = a2. Since A = BGa , A is factorially closed in B by Lemma 1.2, whence a′ ∈ A. So, Z = X , and p is
surjective. 
In view of the assertion of Theorem 1.11, we say that the A1-fibration is good if it has equi-dimensional fibers and
codim X (X − p(Y )) ≥ 2. A good A1-fibration is the quotient morphism of a Ga-action on Y if the factorial closure of A in B is
an affine k-domain, while the converse does not hold as shown by the example of Bonnet given in the proof of Lemma 1.10.
The following example is due to S.M. Bhatwadekar.
Example 1.12. Let B = k[x, y, z, u]/(xz − yu− 1). Let δ be a locally nilpotent derivation on B defined by δ(x) = δ(y) = 0,
δ(z) = y, δ(u) = x. Then A = Ker δ = k[x, y] and the quotient morphism p : Y → X is given by (x, y, z, u) → (x, y). Then
the image p(Y ) is X − {x = 0, y = 0}. Hence p is not surjective. Furthermore, B is factorial. In fact, x is a prime element in B
and B[x−1] = k[x, x−1][y, u] is factorial. Then B is factorial by [30, Lemma 1]. 
As we have seen in the above results, the factoriality of an integral algebraic k-scheme Y with an A1-fibration implies
amenable properties of the fibration. We consider the quotient morphism by a Ga-action under the Q-factoriality of the
scheme Y . A normal integral k-scheme Y is said to be Q-factorial if the divisor class group Cℓ(Y ) is a torsion group. We also
say that a normal affine k-domain B is Q-factorial if so is Spec B. We need the following result.
Lemma 1.13. Let B be aQ-factorial affine k-domain with a nontrivial locally nilpotent derivation δ and let A = Kerδ be an affine
k-domain. Assume that pB ≠ B for a height one prime ideal p of A and√pB = √fB for an element f ∈ B. Then f ∈ A and p = √fA.
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Proof. Define k-algebra homomorphisms ϕ : B → B[t] by
ϕ(b) =
∞−
i=0
δi(b)
i! t
i,
where t is a variable over B andΦ : B[t] → B[t] by settingΦ|B = ϕ andΦ(t) = t . ThenΦ is an A[t]-automorphism of B[t]
with Φ−1 defined by Φ−1(b) = ∑∞i=0 δi(b)/i! (−t)i and Φ−1(t) = t . For λ ∈ k and b ∈ B, we denote λb = ϕ(b)|t=λ. We
define a k-automorphism ϕλ by ϕλ(b) = λb for b ∈ B.
Since p is an ideal of A, pB and
√
pB are δ-ideals (see [36]). An ideal J of B is a δ-ideal if and only if ϕλ(J) = J for every
λ ∈ k, and also if and only ifΦ(JB[t]) = JB[t]. Note that ϕλ(√fB) =

λfB for λ ∈ k, or equivalentlyΦ(√fB[t]) = √ϕ(f )B[t].
Hence ϕ(f )n ∈ fB[t] for some integer n > 0. This implies that (λf )n ∈ fB for λ ∈ k. Let m = degt ϕ(f ). Then the coefficient
of the top term in ϕ(f ) is δm(f )/m! and it is an element of A. Write
ϕ(f )n = b0 + b1t + · · · + bN tN ,
where N = mn, b0 = f n and bN = (δm(f )/m!)n ∈ A. Choose mutually distinct N + 1 elements λi (0 ≤ i ≤ N) of k. Then we
have
ϕλi(f )
n = b0 + b1λi + · · · + bNλNi = fhi, hi ∈ B.
Then by solving this systemof linear equations in b0, b1, . . . , bN and noting that the Vandermonde determinantwith respect
to the λi is nonzero, we see that bi ∈ fB for every 0 ≤ i ≤ N . In particular, bN ∈ fB. Hence f ∈ A because bN ∈ A.
Since
√
pB = √fB, we have f r ∈ pB. Then f r ∈ p since pB∩ A = p and hence f ∈ p. In fact, since there exists a height one
prime idealP of B such thatP∩ A = p (cf. Lemma 1.6), we have p = P∩ A ⊇ pB∩ A ⊇ p. Since p ⊆ √fB, an element a ∈ p
is written as an = fbwith b ∈ B. Then b ∈ A and hence p = √fA. 
The following result shows that the quotient morphism of a Ga-action behaves nicely if one replaces the factoriality by
the Q-factoriality.
Lemma 1.14. Let Y be a Q-factorial integral algebraic k-scheme with a Ga-action. Suppose that X := Y//Ga exists as an affine
normal k-scheme. Then the following assertions hold.
(1) X is also Q-factorial.
(2) If dim Y ≥ 3, the morphism p : Y → X has no codimension one fiber component.
Proof. (1) Let B = Γ (Y ,OY ) and A = Γ (X,OX ). Let δ be the locally nilpotent derivation of B corresponding to the Ga-action
on Y . Then A = Ker δ. Hence the quotient morphism p : Y → X has the image p(Y ) containing all codimension one points
of X . Let p be a height one prime ideal of A so that V (p) is an irreducible Weil divisor. Then V (pB) is the scheme-theoretic
inverse image. Since Y is Q-factorial,
√
pB = √fB. By Lemma 1.14, we have f ∈ A and p = √fA. Since the image p(Y )
contains all codimension one points of X , it follows that X is Q-factorial.
(2) Suppose that the fiber p−1(P) contains an irreducible component Z of codimension one. Then the defining prime ideal
P is equal to
√
fB. Since Z is Ga-stable, it follows that P is a δ-ideal. This implies that
√
fB = λfB for every λ ∈ k. Hence
there exists a positive integer n such that ϕλ(f )n ∈ fB. As in the proof of Lemma 1.14, it follows that f ∈ A. Let p = √fA.
ThenP = √pB. If a1a2 ∈ p for a1, a2 ∈ A, then a1a2 ∈ P. SinceP is a prime ideal, either a1 ∈ P or a2 ∈ P. Suppose a1 ∈ P.
Then am1 ∈ fB for somem > 0. Since am1 , f ∈ A, it follows that am1 ∈ fA. Hence a1 ∈
√
fA = p. So, p is a prime ideal. Since A is
normal, p has height one and defines an irreducible divisorW of X . Since p−1(W )red = Z , this is a contradiction. 
Given an A1-fibration p : Y → X , we say that a fiber F = p−1(P) is a singular fiber if it is not isomorphic to the affine line
A1 defined over k(P), where k(P) is the residue field of X at P . A multiple fiber as given in Example 1.9 is a singular fiber. Let
Sing(p) be the set of points P ∈ X such that the fiber p−1(P) is singular. We call it the singular locus or the degeneracy locus
of p.
Lemma 1.15. Let p : Y → X be an A1-fibration of normal, integral, affine k-schemes. Assume that p is a flat morphism and
X − p(Y ) has codimension greater than one in X. Then the degeneracy locus Sing(p) is either empty or has pure codimension one.
If Sing(p) = ∅, then p : Y → p(Y ) is an A1-bundle.
Proof. Suppose that the degeneracy locus Sing(p) has an irreducible component D of codimension greater than one. Let P
be the generic point of D. Let R = OX,P and S = B⊗A R. By the hypotheses, the restriction p⊗A R : Spec S → Spec R satisfies
all the necessary conditions in [6,11] for Spec S to be an A1-bundle over Spec R. Hence the fiber p−1(P) is not a singular
fiber. 
The following result shows that the converse of Lemma 1.14, (1) holds if themorphism p has no reducible fibers nor fiber
components of dimension greater than one.
Lemma 1.16. Let Y be a normal affine k-scheme with a nontrivial Ga-action. Suppose that X := Y/Ga exists as a normal affine
k-scheme and X is Q-factorial. Suppose further that codim X (X − p(Y )) > 1 for the quotient morphism p : Y → X and that
every non-empty fiber of p is irreducible, i.e., only irreducible multiple fibers are admitted as singular fibers. Then Y isQ-factorial.
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Proof. With the same notations as in Lemma 1.14, let P be a prime ideal of height one of B. If P ∩ A = (0), then
P = (PS−1B) ∩ B, where S = A \ {0}. Let K = Q (A) = S−1A. Then B ⊗ K is isomorphic to a polynomial ring K [t]
over the field K , where wemay take t to be an element of B. Then there exists an element g ∈ A[t] such thatPS−1B = gS−1B
and g is irreducible in K [t]. Consider the minimal prime decomposition√gB = P1 ∩ · · · ∩Pr , where we putP1 = P. Note
that Pi (2 ≤ i ≤ r) has height one. Consider Pi for 2 ≤ i ≤ r . By the choice of the element g , we have Pi ∩ A = pi, where
pi is a height 1 prime ideal of A because p has relative dimension one. Furthermore, since every fiber of p is irreducible, we
havePi = √piB. Since X is Q-factorial, pi = √fiA for fi ∈ A. ThenPi = √fiB. IfP ∩ A ≠ (0), thenP = √fB for some f ∈ A
by the above argument. It follows that some multiple of the irreducible divisor defined by P is linearly equivalent to the
zero divisor. 
An affine pseudo-plane is an affine smooth surface with an A1-fibration p : Y → A1 such that p is surjective and
has a single irreducible multiple fiber as singular fibers (see [22]). The universal coveringY of Y has also an A1-fibrationp :Y → A1 which has only one singular fiber which consists of reduced irreducible components isomorphic to A1. In other
words,Y is obtained by patching several copies of A2 along A2 \ {a line}.
A tentative definition of affine pseudo-n-space to generalize the affine pseudo-plane is given as follows. An affine smooth
variety Y of dimension nwith n ≥ 2 is called an affine pseudo-n-space if there exists anA1-fibration p : Y → An−1 satisfying
the following conditions.
(i) p is faithfully flat and all fibers of p are irreducible.
(ii) Sing(p) consists of a hyperplane H and p−1(P) is a multiple fiber of multiplicitym > 1 for general points P of H .
Question. What is the universal covering of an affine pseudo-n-space? Is it obtained by patching together m copies of the
affine n-space along An \ {a hyperplane}? 
When we speak of an A1-bundle over X , we tacitly assume that the morphism p : Y → X is surjective. The above lemma
implies a rather strong result.
Lemma 1.17. Let p : Y → X be an A1-fibration of normal, integral, affine k-schemes. Assume that Y is factorial, p is flat, the
factorial closure of A in B is an affine k-domain and Z := X − p(Y ) has codimension greater than one in X. Let δ be a locally
nilpotent derivation of B giving rise to the morphism p (see Theorem 1.11). We can take δ in such a way that a−1δ(B) ⊄ B for
every nonzero element a ∈ A which is not a unit. Then the following assertions hold.
(1) Every prime element f of A is a prime element of B.
(2) For every prime element f ∈ A, we denote by δ/f the nonzero, locally nilpotent derivation of B/fB induced by δ. Then
Sing(p) = ∅ if and only if Q (A/fA) = Q (Ker δ/f ) for every prime element f of A (cf. the GICO property in [8]).
(3) Suppose that p : Y → p(Y ) is an A1-bundle. If H1(p(Y ),OX ) = (0), e.g., depthZX ≥ 3 by the local cohomology theory, then
Y ∼= X × A1 and the Ga-action on Y is a translation.
Proof. (1) Since p is flat, p is equi-dimensional and the image p(Y ) is an open set of X . Furthermore, by Theorem 1.11, p is
the quotientmorphism by a Ga-action on Y . Since A is factorially closed in B and B is factorial by the assumption, A is factorial
as well. Note that all units in B are elements of A. In order to show the assertion (1), it suffices to show that f is an irreducible
element of B. But this is clear because A is factorially closed in B.
(2) Suppose that Sing(p) ≠ ∅. Let D be an irreducible component of Sing(p). Then D = V (f ) for a prime element f .
Then p−1(D) is a prime divisor of Y isomorphic to Spec B/fB. Then the morphism p : Spec (B/fB) → Spec (A/fA) induced
by p factors through the quotient morphism q : Spec (B/fB) → Spec Ker δ/f by the induced Ga-action and a morphism
ρ : Spec Kerδ/f → Spec (A/fA), where q is anA1-fibration and ρ is a generically finitemorphism. SinceD is a component of
Sing(p), ρ is not birational. So, this proves the ‘‘if’’ part of the assertion. Conversely, if ρ is not birational for a prime element
f of A, then the general fibers of the induced morphism p are not irreducible. Hence Sing(p) ≠ ∅. This proves the ‘‘only if’’
part.
(3) Assuming that H1(p(Y ),OX ) = (0), we shall show that p is surjective, Y ∼= X × A1 and the Ga-action on Y giving
rise to the quotient morphism p is a translation. We consider p as an A1-bundle over p(Y ). Then there exists an affine open
covering U = {Uλ}λ∈Λ of p(Y ) such that p−1(Uλ) = Spec Aλ[tλ] for every λ ∈ Λ, where Aλ = Γ (Uλ,OX ). Then we have
tµ = fµλtλ + gµλ with fµλ ∈ A∗µλ, gµλ ∈ Aµλ,
where Aµλ = Γ (Uµ ∩ Uλ,OX ). Then it holds on Uλ ∩ Uµ ∩ Uν that
fνµfµλ = fνλ and gνλ = fνµgµλ + gνµ.
Hence there exists an invertible sheaf L on p(Y ) whose transition functions with respect to the covering U are given by
{fµλ | λ,µ ∈ Λ}. Note that H1(p(Y ),O∗X ) = Pic (p(Y )) = Cℓ((p(Y )), where Cℓ(p(Y )) = Cℓ(X) because X − p(Y ) has
codimension greater than one in X and Cℓ(X) = (0) by the hypothesis that Cℓ(Y ) = (0). Hence we find, after passing to
a finer affine open covering of p(Y ) if necessary, a family {hλ ∈ A∗λ | λ ∈ Λ} such that fµλ = h−1µ hλ. Then, by replacing tλ
by hλtλ, we may assume that fµλ = 1 for every pair (λ, µ) ∈ Λ2. Then gνλ = gµλ + gνµ. Since H1(p(Y ),OX ) = (0) by the
hypothesis, again after passing to a finer affine open covering of p(Y ) if necessary, there exists aλ ∈ Aλ for every λ ∈ Λ such
that gµλ = aλ − aµ. Then tµ + aµ = tλ + aλ. Hence there exists an element t ∈ Γ (p(Y ),OX ) = Γ (X,OX ) = A such that
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tλ+aλ is the restriction of t onto Uλ. So, t is a common parameter for p−1(Uλ) for every λ ∈ Λ. Now consider a k-subalgebra
A[t] of B. Then the associated morphism induces an open immersion Y ↩→ Spec A[t] = X×A1 which is a morphism over X .
Since Spec A[t]−Y has codimension greater than one, we have B = Γ (Y ,OY ) = A[t]. Let δ be a locally nilpotent derivation
giving rise to the Ga action. Then δ(t) = c ∈ A. Hence the Ga-action is a translation by c. 
Remark. In terms of group cohomologies, the argument for the assertion (3) of Lemma 1.17 proceeds as follows. Let GA be a
k-group scheme such that GA(R) is the group of affine transformations of the affine line A1 over R. The group GA(R) is given
by a matrix group with entries in R,
GA(R) =

a b
0 1
  a ∈ R∗, b ∈ R .
Hence there exists an exact sequence of k-group schemes
0 −→ Ga −→ GA −→ Gm −→ 0 .
Then we have an exact sequence of cohomology groups over U := p(Y ) in the Zariski topology
0 → H0(U,Ga)→ H0(U,GA)→ H0(U,Gm)
→ H1(U,Ga)→ H1(U,GA)→ H1(U,Gm),
where H0(U,Ga) = Γ (U,OX ) = A,H0(U,GA) = GA(A),H0(U,Gm) = A∗,H1(U,Ga) = H1(U,OX ) and H1(U,Gm) =
H1(U,O∗X ) = (0). Furthermore, since GA is not abelian, H1(U,GA) has no group structure and the exactness of the
second row means that the image of an element ξ ∈ H1(U,GA) in H1(U,Gm) is zero if and only if ξ is the image of
an element of H1(U,Ga). The A1-bundle p : Y → U has an obstruction to be trivial in the group H1(U,GA). Note that
H i(U,GA) → H i(U,Gm) is surjective for i = 0, 1. Since H1(U,Gm) = (0) by the factoriality of A, we have an isomorphism
H1(U,OX ) ∼= H1(U,GA). If H1(U,OX ) = (0), then the bundle p : Y → U is trivial, whence Y = U × A1. Since Y is affine, U
must be affine as well. Hence U = X . 
There is a related result in Lemma 1 in [21] when dim Y = 3. In the case of Example 1.12, Y is an A1-bundle over p(Y ),
where X − p(Y ) is the closed set Z = {(0, 0)} and U = p(Y ) is an open set. We have
H1(p(Y ),OX ) ∼= H2Z (OX ) ∼= lim−→
n
Ext2A(A/m
n, A) ≠ 0,
where m is the maximal ideal (x, y) of A = k[x, y]. In fact, by the syzygy sequence
0 −→ Ae ψ−→ Ae1 ⊕ Ae2 ϕ−→ A −→ k −→ 0,
where ψ(e) = ye1 − xe2, ϕ(a1e1 + a2e2) = a1x + a2y and Im ϕ = m, we conclude Ext1A(k, A) = 0, Ext2A(k, A) = k and
Ext2A(A/m
n, A) ↩→ Ext2A(A/mn+1, A).
The argument used in the proof of Lemma 1.17 proves the following result because H1(X,OX ) = (0).
Lemma 1.18. Let X be an affine, factorial, integral k-scheme. Then every A1-bundle over X is trivial.
Remark. This result also follows from the well-known result of Bass–Connell–Wright [4]:
If f : Y → X is a morphism between irreducible affine varieties such that every closed fiber of f is isomorphic to an affine
space An then f is a vector bundle of rank n.
If X is factorial then such a bundle is trivial if n = 1. 
This result has an application to retracts, which was pointed out by Jie-Tai Yu. In this article, we restrict ourselves to the
following restricted use of retract.
Let A be a normal, affine k-domain and let R = A[z1, . . . , zn] be a polynomial ring over A. An A-subalgebra B of R with
relative dimension one over A is called an A-retract if there exists an A-algebra homomorphism ϕ : R → B such that the
restriction of ϕ on B is the identity homomorphism (see [5]). In terms of schemes, let Z = Spec R, Y = Spec B and q : Z → Y
the morphism induced by the injection B ↩→ R. Then ϕ induces a cross-section σ = aϕ : Y → Z of q. Then B is a normal,
affine k-algebra containing A as a k-subalgebra (see [5]). Let A → K be a k-algebra homomorphism into a field K , e.g., the
residue field of a local ring Ap or the quotient field Q (A) of A. Then B⊗A K is a K -retract of K [z1, . . . , zn]. Hence B⊗A K is a
polynomial ring in one variable over K . This follows from the observation that B⊗A K is normal, has only constant units and
rational over K (Lüroth problem for rings!). This implies that the morphism p : Spec B → Spec A is an A1-bundle. Thus we
have the following result.
Corollary 1.19. Let A be a factorial affine k-domain. Let B be an A-retract of a polynomial ring A[z1, . . . , zn]. Then B is isomorphic
to a polynomial ring A[t].
Wenote that the assertion (2) of Theorem1.11 does not hold for a smooth affine threefold if Y is non-factorial. An example
is Y (m, n, f ) in Lemma 2.1 below with m, n ≥ 2 and f (x, y) satisfying f (0, 0) = 0 and either fx(0, 0) ≠ 0 or fy(0, 0) ≠ 0.
In section three, we shall look into more precise natures of a fiber component of the quotient morphism under a Ga-action.
We shall give here the following result.
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Lemma 1.20. Let Y be a normal affine threefold with a nontrivial Ga-action and let p : Y → X be the quotient morphism. Let C
be an irreducible curve on X and let Z be the scheme-theoretic inverse image of C. If Z is irreducible and reduced, then Z has an
A1-fibration. If Y is factorial, the assumption on Z is automatically satisfied.
Proof. As above, we write B = Γ (Y ,OY ), A = Γ (X,OX ) and δ the locally nilpotent derivation on B associated to the given
Ga-action. Let O = OX,C be the local ring at the generic point of C and let t be a uniformisant of O. Let R = B⊗A O. Then δ
extends to R in a natural way and O is the kernel of δ. Furthermore, δ induces a locally nilpotent derivation δ on R/tR. If it
is trivial, we have δ(R) ⊂ tR. Then we replace δ by t−1δ which is a locally nilpotent derivation on R. Thus, by replacing δ by
t−rδ, we may assume that δ is nontrivial. Then R/tR is a polynomial ring in one variable over K , where K is a field containing
O/tO. In fact, R/tR is a finitely generated integral domain of dimension one containing the fieldO/tO. Since δ is a nonzero,
locally nilpotent derivation, the kernel K of δ has dimension zero and containsO/tO. So, K is a field and R/tR is a polynomial
ring over K because δ then has a slice. Hence Z has an A1-fibration.
If B is factorial, then A is factorial. An element f defining the curve C is a prime element of B. This implies that Z is
irreducible and reduced. 
2. A1-fibrations over surfaces
Besides the hypersurface {xz = yu + 1} in Example 1.12, there are many factorial A1-bundles over U = A2 − {(0, 0)},
e.g., the hypersurface {xmz = ynu + f (x, y)} is such an example for arbitrary positive integers m, n and a polynomial
f (x, y) ∈ k[x, y]with f (0, 0) ≠ 0.
For a polynomial f (x, y) ∈ k[x, y] and positive integersm, n, we set Y (m, n, f ) = {xmz = ynu+f (x, y)}. Clearly, Y (m, n, f )
is irreducible. The mapping (x, y, z, u) → (x, y) defines an A1-fibration p : Y (m, n, f ) → A2. Then p is the quotient
morphism of a Ga-action on Y (m, n, f ) defined by a locally nilpotent derivation δ such that δ(x) = δ(y) = 0, δ(z) = yn and
δ(u) = xm. If f (x, y) has a nonzero monomial cxiyj with either i ≥ m or j ≥ n, then we can replace z or u by z − cxi−myj or
u + cxiyj−n. Hence we may assume that any nonzero monomial cxiyj of f (x, y) satisfies i < m and j < n. We then say that
Y (m, n, f ) is preslimmed. LetU1 = D(x) andU2 = D(y) be the open sets ofX = Spec k[x, y]. ThenU1∪U2 = U := X−{(0, 0)}.
Let t2 = z/yn and t1 = u/xm. Suppose that f (x, y) ≠ 0 and Y (m, n, f ) is preslimmed. Then we have
t2 = t1 + f (x, y)xmyn and
f (x, y)
xmyn
=
−
i<m,j<n
cij
xiyj
,
where cij ∈ k. Letm0 = max{i | cij ≠ 0} and n0 = max{j | cij ≠ 0}. We define an elementf (x, y) of k[x, y] byf (x, y) = xm0yn0 −
i<m,j<n
cij
xiyj
.
Letz = yn0 t2 and u = xm0 t1. Then xm0z = yn0u + f (x, y). Sincef (x, y) ∈ k[x, y] andz (resp. u) is defined over
p−1(U2) (resp. p−1(U1)), the functionz andu are defined on p−1(U1 ∪ U2). Let B andB be the coordinate rings of Y (m, n, f )
and Y (m0, n0,f ) respectively, and let ν : Y (m0, n0,f ) → Y (m, n, f ) be the birational morphism defined by an k[x, y]-
homomorphism B ↩→B such that z = yn−n0z and u = xm−m0u. Note that ν induces an isomorphism over U1 ∩ U2. We say
that Y (m0, n0,f ) is the slimmed form of Y (m, n, f ) and Y (m, n, f ) is slimmed if Y (m, n, f ) = Y (m0, n0,f ).
Suppose f (x, y) = 0. Then t2 = t1, which we set t . Then t is defined over p−1(U). Hence p−1(U) is a trivial A1-bundle
with a vertical coordinate t . We define the slimmed form of Y (m, n, 0) to be Y (1, 1, 0), which is defined by xz = yu. In the
case f (x, y) = 0, the fiber p−1(0, 0) is isomorphic to the affine plane A2 = Spec k[u, z].
We leave a proof of the following result to the readers.
Lemma 2.1. With the above notations, assume that Y (m, n, f ) is preslimmed and f (x, y) ≠ 0. Then the following assertions
hold.
(1) Y (m, n, f ) is slimmed if and only if m = m0 and n = n0. In other words, f (x, y) contains monomials xi and yj with nonzero
coefficients.
(2) Assume that Y (m, n, f ) is slimmed. Then p−1(0, 0) = ∅ if and only if f (0, 0) ≠ 0. Furthermore, Y (m, n, f ) is smooth if and
only if one of f (0, 0), fx(0, 0) and fy(0, 0) is nonzero. Otherwise, Y (m, n, f ) is non-normal along the fiber p−1(0, 0) which is
isomorphic to A2 = Spec k[z, u].
Let H be the set of slimmed hypersurfaces Y (m, n, f ) with f ∈ k[x, y] and positive integers m, n. Let Yi(mi, ni, fi) be
slimmed hypersurfaces for i = 1, 2. Let m3 = max(m1,m2) and n3 = max(n1, n2). For c1, c2 ∈ k, define a polynomial
f3(x, y) by
f3(x, y)
xm3yn3
= c1f1(x, y)
xm1yn1
+ c2f2(x, y)
xm2yn2
.
Define the sum c1Y1 + c2Y2 by the slimmed hypersurface Y (m3, n3, f3). With this sum and scalar product, H is a k-vector
space. Note that all hypersurfaces belonging toH are factorial.
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We have the following result.
Theorem 2.2. Let X = A2 and U = A2 − {(0, 0}. Then H1(U,OX ) is an infinite-dimensional k-vector space with a basis
{xiyj | i < 0, j < 0}. Furthermore, the correspondence
Y (m, n, f (x, y)) ∈ H → f (x, y)
xmyn
∈ H1(U,OX )
is an isomorphism of k-vector space.
Proof. The following argument is an exercise in ([16, p. 223, Ex. 4.3]). Since U = U1∪U2 is an open covering with the above
notations, we have an exact sequence (the Mayer–Vietoris sequence)
0 → H0(U,OX )→ H0(U1,OX )⊕ H0(U2,OX )→ H0(U1 ∩ U2,OX )
→ H1(U,OX )→ H1(U1,OX )⊕ H1(U2,OX ) = 0,
where H1(U1,OX )⊕ H1(U2,OX ) = 0 because U1 and U2 are affine open sets. The sequence entails an exact sequence
0 −→ A −→ A[x−1] ⊕ A[y−1] −→ A[(xy)−1] −→ H1(U,OX ) −→ 0,
where A = k[x, y]. This gives the isomorphism
H1(U,OX ) ∼=
−
i<0,j<0
kxiyj.
The isomorphism betweenH and H1(U,OX ) is clear. 
Example 2.3. Let Y = Y (3, 3, f ), where f (x, y) = x+ y. Then Y is a smooth, affine 3-fold. Let p : Y → X = Spec k[x, y] be
the quotient morphism by the Ga-action given by a locally nilpotent derivation δ on B = Γ (OY ) such that δ(x) = δ(y) = 0,
δ(z) = y3 and δ(u) = x3. Then the fiber p−1(0, 0) is the affine plane A2 = Spec k[z, u]. Note that B is not factorial because
the closed set p−1(0, 0) is defined by the ideal (x, y), not by a principal ideal. So, this makes a clear distinction between the
case of Γ (Y ,OY ) being factorial (see Theorem 1.11) and the case of Y being non-factorial. 
Let U be a PlatonicA1∗-surface over k. Namely, U is isomorphic toA2/G−{O} for a small finite subgroup G of GL(2, k) and
the singular point O of A2/G. Note that the group G acts freely on the set A2− {(0, 0)}. We are interested in the existence of
nontrivial A1-bundles over U . We consider the case G is cyclic. The non-cyclic case is not yet settled.
Let U be a Platonic A1∗-surface A2/G − {O}. With a slight change of notations, let p : Y → U be an A1-bundle over U
and let Y = Y ×U U , where U = A2 − {(0, 0)}. Then the projection p : Y → U is an A1-bundle. Furthermore, the group G
acts on Y freely in such a way that the G-action preserves the A1-bundle structure p and the quotient Y/G is equal to Y . Let
U = U1 ∪ U2 be the open covering of U as above and let ti be a fiber coordinate of p−1(Ui) as chosen above for i = 1, 2. By
Theorem 2.2, we may assume that
t2 = t1 +
−
i>0,j>0
cij
xiyj
. (1)
Furthermore, since G is cyclic, we identify G with the group of r-th roots of unity, i.e., G = {ζ i | 0 ≤ i < r}, where
r is the order of G and ζ is a primitive root of unity. We may (and shall) assume that the G-action on A2 is given by
ζ x = ζ x and ζ y = ζ dy, where gcd(d, r) = 1. Since Ui is now G-stable, p−1(Ui) is G-stable for i = 1, 2. Note that
p−1(U1) = Spec k[x, y, x−1, t1] and p−1(U2) = Spec k[x, y, y−1, t2], where
ζ t1 = ζ at1 + F1(x, y, x−1), ζ t2 = ζ bt2 + F2(x, y, y−1) (2)
with a, b ≥ 0 and F1(x, y, x−1) (resp. F2(x, y, y−1)) is a polynomial in x, y, x−1 (resp. x, y, y−1). Applying ζ to the terms in (1)
and using the equality (2), we have
ζ b

t1 +
−
i>0,j>0
cij
xiyj

+ F2(x, y, y−1) = ζ at1 + F1(x, y, x−1)+
−
i>0,j>0
ζ−(i+dj)cij
xiyj
.
Thence we have a ≡ b (mod r) and−
i>0,j>0
(ζ−(i+dj) − ζ b)cij
xiyj
= F2(x, y, y−1)− F1(x, y, x−1). (3)
But, the latter equality (3) holds if and only if both sides are zero separately because the left side is a sum of purely fractional
parts. Namely, cij = 0 whenever a+ i+ dj ≢ 0 (mod r) and F1(x, y, x−1) = F2(x, y, y−1) = 0. Hence ζ ti = ζ ati for i = 1, 2.
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With the above action of G, the quotient p−1(U1)/G is given by Spec k[xr , x−r , y/xd, t1/xa], which is equal to p−1(U1).
Similarly, we have p−1(U2) = Spec k[yr , y−r , x/ye, t2/yb], where e is a positive integer such that de ≡ 1 (mod r) and b ≡ ae
(mod r). By (1), we have
t2
yb
=

xa
yb

t1
xa
+
−
i>0,j>0
cij
xiyj+b
, (4)
where xiyj+b is G-invariant if cij ≠ 0.
Theorem 2.4. With the above notations, we have an exact sequence
0 −→ H1(U,OU)G α−→ H1(U,GA) β−→ Cℓ(A2/G) −→ 0,
where H1(U,OU)G = H1(U,OU).
Proof. Note thatH1(U,GA) denotes the set of isomorphism classes ofA1-bundles overU . Consider anA1-bundle p : Y → U
which is represented by (4)with respect to the covering U = U1∪U2. Then the image of Y by themapping β is an invertible
sheaf whose transition function is xa/yb. Suppose that it is trivial. Namely, xa/yb = u/v with u ∈ k[xr , x−r , y/xd]∗ and
v ∈ k[yr , y−r , x/ye]∗. Then a ≡ b ≡ 0 (mod r). Then (4) gives rise to a class of H1(U,OU)G. The surjectivity of β follows
from an observation that any invertible sheaf onU is trivialized overU1 andU2 and its transition function is used to define an
A1-bundle over U whose transition matrix is a diagonal matrix without the unipotent part. The exactness of the sequence
and the equality H1(U,OU) = H1(U,OU)G follows from the exact sequence of cohomology groups used in the proof of
Lemma 1.17. 
The above argument shows the following general result.
Lemma 2.5. Let X be a normal algebraic variety. Then we have an exact sequence
0 −→ H1(X,OX ) −→ H1(X,GA) −→ Pic X −→ 0,
where H1(X,GA) represents the set of isomorphism classes of A1-bundles over X.
Proof. We have an exact sequence as in the proof of Lemma 1.17
0 −→ Γ (X,OX ) −→ GA(Γ (X,OX )) −→ Γ (X,OX )∗
−→ H1(X,OX ) −→ H1(X,GA) −→ H1(X,O∗X ),
where GA(Γ (X,OX ))→ Γ (X,O∗X ) is surjective by the definition of the group scheme GA and H1(X,GA) −→ H1(X,O∗X ) =
Pic X is surjective as well because the scheme Y defined by the symmetric algebra sheaf SX (I) is an A1-bundle over X for
any invertible sheaf I. 
3. Degenerate fibers of the quotient morphism and singularities of the quotient space
In this section, we assume that the ground field k is the complex number field C in order to use some topological
arguments. However, many of the results are easily verified over the previously fixed field k by the Lefschetz principle.
Recall that the algebraic quotient is defined if the ring of invariants BGa = Ker δ is finitely generated over C, while we
generalized it in the section one. In this case, we let X (or Y//Ga) be the normal affine variety corresponding to this ring of
invariants, and we write p : Y → X for the natural quotient morphism. Furthermore, Y Ga denotes the fixed point locus in Y
under the Ga-action, which is a closed subset defined by the ideal of B generated by δ(B). Note that δ(B) ∩ A is an ideal of A.
LetΣ be the closed set V (δ(B) ∩ A) in X . If Y Ga ≠ ∅, then the set Y Ga is contained in p−1(Σ).
For any topological space T , let H ic(T ) denote the i-th cohomology group with compact support and with integer
coefficients. Other homology and cohomology groups have also integer coefficients unless otherwise specified. For basic
properties of cohomology with compact support, duality theorem, see [15, Chapter 3]. Very briefly, assume that T is second
countable. Let T = ∪Ki, where Ki is an increasing sequence of compact subsets of T . Then H ic(T ) is the direct limit of the
groups H i(T , T − Ki). We will use the following general results.
(1) For a smooth affine irreducible variety Y of dimension> 1 the groups H ic(Y ) = (0) for i = 0, 1. This follows by duality
H ic(Y ) ∼= H2d−i(Y ), where d = dim Y , and the fact that for an affine irreducible variety Y of dimension d the homology
groups Hj(Y ) are trivial for j > d.
(2) An affine irreducible curve C is contractible if and only if H1(C) = (0). Any singular point of such a curve is a unibranch
singularity.
(3) An affine irreducible curve C has H0c (C) = (0). If further H1c (C) = (0) then C is contractible.
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We will indicate proofs of these two assertions.
Write C = ∪Ki, where Ki is a suitable increasing sequence of compact sets in C . Then C − Ki splits into disjoint union of
punctured neighborhoods of the places at infinity for C . We have the long exact sequence of cohomology groups for the pair
(C, C − Ki).
(0)→ H0(C, C − Ki)→ H0(C)→ H0(C − Ki)→ · · · .
Since the natural map H0(C − Ki) → H0(C) is a surjection the induced map on cohomology H0(C) → H0(C − Ki) is an
injection. Hence H0(C, C − Ki) = (0). This shows that H0c (C) = (0).
Next suppose that H1c (C) = (0). Let S be the singular locus of C . We use the long exact sequence for cohomology with
compact support for the pair (C, S).
H0c (C, S)→ H0c (C)→ H0c (S)→ H1c (C, S)→ H1c (C)→ H1c (S)→ · · · .
From H0c (C) = (0) and H1c (C) = (0)we get H0c (S) ∼= H1c (C, S) ∼= H1(C − S). Since S is compact, the rank of H0c (S) is equal to
the cardinality of S. If either C is non-rational, or C has a singular point which is not unibranch, or the normalization of C in
its function field is isomorphic toA1−{at least one point} thenwe see easily that the rank ofH1(C−S) is strictly bigger than
the cardinality of S. It follows that C is rational, it has at most unibranch singular points and its normalization is isomorphic
to A1. This means that C is contractible.
The following result due to Bialynicki-Birula [3, Corollaries 1 and 4] will be crucial in subsequent arguments.
Lemma 3.1. Let Ga act regularly on a reduced complex variety Y and let Z be a Ga-stable closed subvariety of Y which contains
Y Ga . Then H ic(Y ) ∼= H ic(Z) for i = 0, 1. In particular, we have H ic(Y ) ∼= H ic(Y G) for i = 0, 1. If Y is irreducible, non-complete and
dim Y > 0, then Y Ga cannot have an isolated fixed point.
Proof. This follows immediately from the result in [3] stated in terms of étale cohomologies with compact supports and
converted easily into H ic(T ) for a complex algebraic variety T . Namely we have H
i
c(Y ) ∼= H ic(Y G) ∼= H ic(Z) for i = 0, 1. For
the last assertion, note that H0c (Y ) = (0) since Y is non-complete and irreducible. Meanwhile, if Y Ga contains an isolated
fixed point, then H0c (Y
Ga) ≠ (0). 
Corollary 3.2. With the notation of Lemma 3.1, suppose that Y is affine and Y//G is defined. If a fiber F of the quotient morphism
p contains a fixed point then F contains a positive-dimensional fixed point subset.
Remark 3.3. By a similar argument, it is proved in [3, Corollary 4] that if Y is complete and connected then Y Ga is
connected. 
Now let Y be an irreducible affine variety such that X := Y//Ga is defined. A general fiber of p is isomorphic to A1. First
we study the singularities of Y//Ga by restricting the type of a fiber of pwhen dim Y = 3.
Lemma 3.4. Assume that Y is a smooth affine threefold. If F is a fiber of p which contains an irreducible component of dimension
one, say C, then the point P := p(F) is at worst a quotient singular point of X.
Proof. Let S be a general hyperplane section of Y and let Q ∈ S ∩ C . Then the quotient morphism p restricted to S has an
isolated point in the fiber at Q . This implies that the analytic local ring of S at Q is an integral extension of the analytic local
ring of X at P . It follows using Mumford’s well-known result on the topology of a normal surface singular point that X has
at worst a quotient singularity at Q [29]. 
If dim Y = 3, then there are only finitelymany fibers of p each of which contains a 2-dimensional irreducible component.
According to Theorem 1.11, there are no 2-dimensional fiber component if Y is assumed to be factorial.
We shall consider degenerate fibers of the quotient morphism p : Y → X = Y//Ga. Note that a special case is treated in
Lemma 1.10.
Lemma 3.5. Assume that Y is a smooth affine threefold with a Ga-action such that dim Y Ga ≤ 1 and Y has no codimension one
fiber component. Let F be a one-dimensional fiber of p. Then Fred is a disjoint union of contractible irreducible curves.
Proof. We can assume that F is a singular fiber of p. We claim that p(Y ) is an open subset of X . To see this, we argue as in the
proof of Lemma 3.4. For a general hyperplane section Z of Y the inducedmorphism pZ : Z → X is quasi-finite. It follows that
pZ (Z) is a Zariski-open subset of X . By shrinking X we can assume that p is surjective and every fiber of p is 1-dimensional.
Note that Fred consists of a finite number of Ga orbits and components of Y Ga . Since Ga orbits are contractible we can, by
shrinking X , assume that Y Ga ⊂ F . To complete the proof, it suffices to show that FGa is a disjoint union of contractible
irreducible curves. Using Lemma 3.1, we see that H ic(Y ) ∼= H ic(FGa) = (0) for i = 0, 1. For, since Y is smooth and affine of
dimension 3 the groups H ic(Y ) are trivial for i = 0, 1 . If∆ is a connected component of FGa , then it follows that H ic(∆) = (0)
for i = 0, 1. We write ∆ = C ∪ C ′, where C is some irreducible component of ∆. Then C ∩ C ′ is a non-empty finite set if
C ′ ≠ ∅. We claim that∆ = C . The Mayer–Vietoris sequence for cohomology with compact support for the union C ∪ C ′ is
· · · → H0c (C)⊕ H0c (C ′)→ H0c (C ∩ C ′)→ H1c (C ∪ C ′)→ · · · ,
where H0c (C ∩ C ′) ≠ (0) as C ∩ C ′ is a non-empty finite set, H0c (C) = H0c (C ′) = (0) as C and C ′ are non-complete and
H1c (C ∪ C ′) = (0) by the hypothesis. But this is a contradiction and thus proves the claim. It follows that H1c (C) = (0), so
that C is contractible. 
308 R.V. Gurjar et al. / Journal of Pure and Applied Algebra 216 (2012) 296–313
Question. The hypothesis that dim Y Ga ≤ 1 can be assumed if Y is factorial (see, proof of Lemma 3.10 below). Is it true that
in Lemma 3.5, Fred is a disjoint union of the affine lines without this hypothesis? Is the smoothness of Y necessary? 
Following Abhyankar [1], we call a normal surface singularity quasi-rational if the exceptional divisor in a suitable
resolution of singularities is a divisor with simple normal crossings, all whose irreducible components are rational curves
and the dual graph is a tree.
Let Y be a factorial, smooth, affine threefold with a Ga-action. Every fiber of p is either 1-dimensional or an empty set. Let
P be a singular point of X , if any. If FP := p−1(P) is non-empty, then P is a quotient singularity by Lemma 3.4. So we assume
that FP is empty. By [31], we can find an embedding Y ⊂ Y ′, where Y ′ is a smooth 3-fold such that p extends to a proper
morphism p′ : Y ′ → X and that the Ga-action extends to Y ′. Since dim Y ′ = 3, there are only finitely many fibers F ′Q of p′
which contain a 2-dimensional component. By shrinking X we will assume that except possibly for F ′P every other fiber of
p′ is 1-dimensional.
Lemma 3.6. Assume that P is a smooth point of X. Then the fiber F ′P is simply connected.
Proof. Let C ⊂ X be the curve such that p : Y − p−1(C)→ X − C is an A1-bundle. For any irreducible component Ci of C ,
the surface Si := p−1(Ci) is an irreducible and reduced surface for Lemma 1.17, (1). Hence a general fiber of the morphism
Si → Ci is reduced. It follows that except for finitely many points Q of X the fiber FQ is reduced. Hence we may assume that
for Q ≠ P the fiber F ′Q is 1-dimensional and contains a reduced irreducible component. A general fiber of p′ is isomorphic
to P1. Let N be a small contractible Euclidean neighborhood of P in X . By [32, Lemma 1.5], we have a short exact sequence
π1(P1) −→ π1(p′−1(N)) −→ π1(N).
Thus, p′−1(N) is simply connected. Since p′ is proper we can assume that F ′P is a strong deformation retract of p′−1(N). This
proves that F ′P is simply connected. 
Remark 3.7. Assume now that P is not necessarily a smooth point of X . As above, F ′P can be assumed to be a strong
deformation retract of Y ′. If F ′P is simply connected then so is Y ′. Let τ : X → X be a resolution of singularities of X .
There exists a smooth 3-fold Y ′ obtained by blowing up Y ′ such that there is a proper morphismp : Y ′ →X extending p′. It
is easy to see that since Y ′ → Y ′ is proper and birational, we have a natural isomorphism π1(Y ′) ∼−→ π1(Y ′). The natural
map π1(Y ′) → π1(X) is surjective since the fibers ofp are connected. It follows thatX is simply connected if F ′P is simply
connected. We can assume that X is so small that the exceptional divisor E for τ is a strong deformation retract ofX . So we
conclude that if F ′P is simply connected then so is E, i.e., P is a quasi-rational singular point of X . 
Let p : Y → X be the quotientmorphism under aGa-action. It is an interesting problem to askwhether a fiber component
F of dimension greater than one of the morphism p is rational. The following example suggests that it might not be rational
if p is assumed to be only an A1-fibration, though the example is incomplete since Y is not affine.
Example 3.8. Let S be the affine cone over a smooth non-rational curve C embedded in some projective space Pn. LetS → S
be the blowing-up of the singular point of S. LetW :=S×P1 and consider the compositemorphismW →S → S. A general
fiber of the morphism W → S is P1 but the fiber over the singular point of S is isomorphic to C × P1 and has an infinite
fundamental group. If we take Y =S × A1 instead ofW and the composite morphism p : Y → S, then the fiber of p lying
over the singular point is non-rational, though Y is not affine. 
We have the following result.
Lemma 3.9. Assume that Y is a smooth affine threefold such that dim Y Ga ≤ 1. Let F be a fiber of the quotient morphism
p : Y → X. Let S be an irreducible component of the fiber F such that dim S = 2. Then any one-dimensional irreducible
component C of F is disjoint from S.
Proof. Since Y is smooth and affine, Y ′ := Y −∪Si is again a smooth affine 3-fold, where Si are the irreducible divisors in F .
By Lemma 3.5, the fiber of themorphism p′ = p|Y ′ : Y ′ → X containing C−∪Si is a disjoint union of contractible irreducible
curves. If C ∩ S ≠ ∅, then C will be a complete curve, which is a contradiction. 
In order to investigate the properties of a two-dimensional fiber component of p : Y → X = Y//Ga, we need the
following result.
Lemma 3.10. Assume that Y is a smooth factorial affine threefold. Let S be a two-dimensional irreducible component of the fixed
point locus Y Ga . Then S has an A1-fibration.
Proof. By the hypothesis, using Theorem 1.11, we know that every fiber of p is one-dimensional and Γ (X,O) is factorial.
By factoriality of Y we can find a prime element f in the coordinate ring of Y whose zero locus is S. Since S is Ga-stable and
Ga has no nontrivial characters f is in the kernel of δ. Since Y Ga is the zero locus of im (δ)we also have im (δ) ⊂ (f ).
Since S is contained in Y Ga , the induced locally nilpotent derivation δ on B/fB is trivial. As in Lemma 1.17, wemay replace
δ by∆ := f −rδ with r > 0 such that∆(B) ⊈ fB. Then∆(= δ/f ) gives rise to an A1-fibration on S. 
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We shall consider a singular fiber of dimension one in the reduced case. We need the following result for an algebraic
surface with Ga-action.
Lemma 3.11. Let Z be a (not necessarily normal) affine algebraic surface with a Ga-action and let q : Z → C be the associated
quotient morphism. Let F be a singular fiber of q and let F =∑n=1 Fi be the decomposition into irreducible components. Assume
that F is reduced. Then each irreducible component Fi is a connected component and isomorphic to A1.
Proof. Our proof consists of a several steps.
Step 1. We may assume that C is a normal algebraic curve. In fact, letC → C be the normalization, let Z ′ = Z ×C C and
let q′ : Z ′ →C be the second projection. Then q′ is the quotient morphism by the associated Ga-action. Let P = q(F) and letP be a point ofC lying over P . Since P andP are k-rational points, we have q′−1(P) = q−1(P) = F . Hence we may assume
without loss of generality that C is normal.
Step 2. By assumption, F is reduced. Let O be the local ring of C at P . It is a discrete valuation ring with a uniformisant t .
Set B = Γ (Z,OZ ), A = Γ (C,OC ) and R = B⊗AO. Then tR is a radical ideal and tR = P1∩· · ·∩Pn, wherePi is the defining
prime ideal of Fi in Spec R. Note that every component Fi is Ga-stable. If the induced Ga-action on Fi is nontrivial, then Fi is
isomorphic to A1 and disjoint from other components. In fact, if Fi ∩ Fj ≠ ∅ for i ≠ j, then Fi ∩ Fj consists of Ga-stable points,
while there are no Ga-stable points on Fi provided the Ga-action on Fi is nontrivial.
We claim that if Fi is disjoint from
∑
j≠i Fj then U := Z \Fi is affine. In fact, let ν :Z → Z be the normalization. ThenZ has
a Ga-action such that the associated quotient morphism is the composite ν ◦ q :Z → C . ThenU :=Z \ ν−1(Fi) is an affine
open set. Meanwhile, νU : U → U is a finite surjectivemorphism. Hence, by the Chevalley theorem [16, Exercise 4.2, p. 222],
U is affine ifU is affine. Note that this argument applies also to the case where the induced Ga-action on Fi is trivial.
Hence we may assume that the Ga-action on every irreducible component is trivial. Namely, if δ is the associated locally
nilpotent derivation on R, then δ(R) ⊂ Pi for every i. Then δ(R) ⊂ tR so that t−1δ is a locally nilpotent derivation on R.
We may replace δ by t−1δ and look for an irreducible component Fi on which the induced Ga-action is nontrivial. Since δ is
not divisible by t infinitely many times, we can find an irreducible component Fi on which the induced (new) Ga-action is
nontrivial. Then we can remove Fi while keeping the affineness condition on Z . So, we are done by induction on the number
n of the irreducible components. 
Corollary 3.12. Assume that p : Y → X is an A1-fibration for affine varieties Y and X. Assume further that p is the quotient
morphism of a Ga-action on Y . Let F = p−1(Q ) be a singular fiber of pure dimension one. If F is reduced, then F is a disjoint union
of the affine lines.
Proof. We may choose a general irreducible curve C on X such that Z := p−1(C) is an algebraic surface with the induced
Ga-action. A general fiber of the morphism Z → C is smooth and irreducible. Let p′ : Z → C ′ be the quotient morphism.
Then the restriction of the morphism p is a composite µ ◦ p′, where µ : C ′ → C is a birational morphism since a general
fiber of Z → C is smooth and irreducible. Letµ−1(P) = {P ′1, . . . , P ′r}. Then the fiber of p′ over P ′i is reduced for any 1 ≤ i ≤ r
and F =ri=1 p′−1(P ′i ). By Lemma 3.11, p′−1(P ′i ) is a reduced disjoint union of the affine lines, hence so is F . 
In order to exhibit the situation where the one-dimensional fiber F of the quotient morphism p : Y → X under a
Ga-action is not reduced, we consider the following example.
Example 3.13. LetB = k[x, y, t] be a polynomial ring of dimension three with a locally nilpotent derivation δ defined by
δ(x) = y, δ(y) = t and δ(t) = 0. Then the kernel of δ is a subalgebra A = k[t, y2 − 2xt]. Consider a subalgebra B ofB
defined by
B = k[t, y, x2, x3, xy, xt, yt],
which is a non-normal algebra of dimension three and birational to B. Then B contains A and δ induces a locally nilpotent
derivation on B, i.e., δ(B) ⊆ B. LetY = SpecB, X = Spec A and Y = Spec B. Letp : Y → X and p : Y → X be respectively
the quotient morphism of the Ga-actions onY and Y . LetF and F be the fibers ofp and p over the point P of X defined by
t = y2 − 2xt = 0. Then the following assertions hold.
(1) F = SpecR and F = Spec R, whereR = k[x, y]/(y2) and R = k[t, y, x2, x3, xy, xt]/(t, y2 − 2xt). The nilradicals ofR and
R are respectivelyn = (y)/(y2) and n = (t, y, xy, xt)/(t, y2 − 2xt). HenceFred ∼= A1 and Fred = Spec k[x2, x3]. In fact,
y2 = 2xt and t = 0 in R. Hence y3 = 2xy · t = 0, (xy)2 = x2 · y2 = 2x3 · t = 0 and (xt)2 = x2 · t2 = 0.
(2) n = (0 : y) and n = (0 : xy). In fact, (xy) · y = xy2 = 2x2 · t = 0, (xy) · (xy) = x2y2 = 0 and (xy) · (xt) = x2 · y · t = 0.
(3) The maximal ideal m = (t, y, x2, x3, xy, xt)/(t, y2 − 2xt) is an embedded prime ideal. In fact, m = (0 : xt).
In the next result we study the tangent bundles of X, Y assuming that they are both smooth varieties and that the
Ga-action is fixed point free. There is a related result in [8, Theorem 2.1].
Lemma 3.14. Assume that X, Y are smooth affine varieties and there is a smooth, dominant morphism p : Y → X such that
general fibers isomorphic to A1, codim X (X − p(Y )) > 1 and the factorial closure of Γ (X,OX ) in Γ (Y ,OY ) is an affine domain
over C, whence p is the quotient morphism by a Ga-action by Theorem 1.11, (1). Assume that the tangent bundle TX of X is trivial
and that either Y is factorial or the Ga-action is fixed point free. Then the tangent bundle of Y is also trivial.
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Proof. Since X, Y are smooth, the coherent sheaves of modulesΩ1X , Ω
1
Y are locally free on X, Y respectively. We have the
short exact sequence of coherent sheaves on Y
(0)→ p∗Ω1X → Ω1Y → Ω1Y/X → (0).
Since p is a smooth morphism, the sheaf Ω1Y/X is locally free of rank 1 on Y [16, Chapter III, Prop. 10.4]. Since all the three
sheaves in the exact sequence are locally free and Y is affine, the exact sequence splits, so thatΩ1Y ∼= p∗Ω1X⊕Ω1Y/X , whereΩ1X
is trivial because TX is trivial by the assumption. We show that the invertible sheafΩ1Y/X is trivial. This is so if Y is factorial.
Suppose that the Ga-action is fixed point free. Let δ be the associated locally nilpotent derivation. Then δ defines an element
of TY/X := HomOY (Ω1Y/X ,OY ), which is nowhere zero. Hence TY/X = OY δ and it is free. HenceΩ1Y/X is trivial. It follows that
Ω1Y is trivial, and so is TY . 
The proof of Lemma 3.14 shows that conversely if we assume that TY is a trivial bundle then p∗Ω1X is a trivial bundle.
Does this imply thatΩ1X is a trivial bundle?
Corollary 3.15. Let Y be a smooth affine variety with a Ga-action which is fixed point free. Assume that X := Y//Ga is defined
as a normal affine variety. Suppose further that p is surjective. Then X is smooth. If TX is trivial then so is TY .
Proof. By [7, Prop. 2.1 (1)], since the Ga-action is fixed point free, the morphism p is smooth. Since p is surjective it follows
that X is smooth. Now the result follows immediately by Lemma 3.14. 
The following result is an application of Corollary 3.15 to the universal covering of an affine pseudo-plane.
Corollary 3.16. Let Y be an affine pseudo-plane with an A1-fibration p : Y → C, where C ∼= A1 and p−1(P) = mF is a unique
multiple fiber with m > 1 and P ∈ C. LetY be the universal covering of Y . Then the tangent bundle TY is trivial.
Proof. By Theorem 1.11, (3), the morphism p is the quotient morphism by a Ga-action. Choose a coordinate t of C so that
t = 0 at P . Since p−1(C − {P}) ∼= (C − {P}) × A1 = Spec C[t, t−1, x], we may choose the corresponding locally nilpotent
derivation δ onΓ (Y ,OY ) in the form t r(∂/∂x)with r ≥ 0. Hence theGa-action is free on p−1(C−{P}). The universal coveringY is obtained as the normalization of Y ×C C , whereC → C is the cyclic covering of degree m ramifying totally over the
point P . ThenY has an A1-fibrationp :Y →C which is the composite of the normalization morphismY → Y ×CC and the
second projection from Y×CC ontoC . Furthermore, the Ga-action on Y lifts uniquely toY andp is the quotientmorphism by
this Ga-action. LetΓ be the cyclic group of degreem. Then Γ acts onY , and theΓ -action commutes with the Ga-action. LetP
be the unique point ofC lying over P . Thenp−1(P) consists of a disjoint union ofm componentsF1, . . . ,Fm with multiplicity
one, and Γ acts transitively on the set {F1, . . . ,Fm}. So, if the Ga-action is trivial on some component, sayFi, then it is trivial
on every component. We replaceδ by τ−1δ, whereδ is the locally nilpotent derivation on Γ (Y ,OY ) corresponding to the
Ga-action and τ is a coordinate ofC such that τ = 0 atP . After this replacement repeated several times, we may assume
that the corresponding Ga-action is not trivial on each component ofp−1(P). By the construction of δ, the Ga-action onY ,
which corresponds to the unique liftδ of δ, is free onp−1(C − {P}). Hence we may assume that the Ga-action onY is fixed
point free. Then TY is trivial by Corollary 3.15. 
Question. Is the tangent bundle of the universal covering of an affine pseudo-n-space trivial? 
4. Kernel of a vector field on k[x, y, z]
In the present section, we consider the case where B is a polynomial ring k[x, y, z] in three variables. Let D be a nonzero
regular vector field on the affine 3-space A3 = Spec B, which we identify with a k-derivation on B. Then D has the following
expression
D = b1 ∂
∂x
+ b2 ∂
∂y
+ b3 ∂
∂z
(5)
with b1, b2, b3 ∈ B. We say that D is reduced if gcd(b1, b2, b3) is a nonzero constant. In general, the reduced form of D is
Dred = d−1D, where d = gcd(b1, b2, b3). The derivation D extends in a natural way to a k-derivation on the quotient field
L = Q (B), which we denote by the same letter D or DL. Let A be the kernel of D, i.e.,
Ker D = {b ∈ B | D(b) = 0} .
We denote Ker D by A. Then A is a k-subalgebra of B, and A = B ∩ Ker DL. By a result of Zariski [38], A is an affine k-domain.
Furthermore, it follows that A is integrally closed in L and hence A is normal, and that A∗ = k∗ because B∗ = k∗. It is clear
that dim A ≤ 2. For these results, see also [33]. Let Y = Spec B, X = Spec A and let p : Y → X be the morphism induced by
the inclusion A ↩→ B. We are interested in the structure of A (or X) and the morphism p.
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Example 4.1. (1) If D is the Euler derivation x ∂
∂x + y ∂∂y + z ∂∂z , then A = k.
(2) If D = x ∂
∂x − y ∂∂y − z ∂∂z , then A = k[xy, xz] and p : Y → X is an A1∗-fibration. The morphism p has the plane {x = 0}
as a fiber component.
(3) If D = x ∂
∂x + y ∂∂y , then A = k[z] and p : Y → X is an A2-fibration. 
We say that two derivations D1,D2 are equivalent if D2 = cD1 for some c ∈ k∗.
Lemma 4.2. With the above notations, assume that dim A = 2 and the morphism p : Y → X is an A1-fibration. Then there
exists a locally nilpotent derivation δ of B such that A = Kerδ. Hence A is a polynomial ring in two variables over k. If D is reduced,
it is equivalent to the reduced form of fy fzgy gz
 ∂∂x +
 fz fxgz gx
 ∂∂y +
 fx fygx gy
 ∂∂z ,
where f , g are generators of A over k, i.e., A = k[f , g]. Hence D is locally nilpotent.
Proof. By Theorem 1.4, there exists a splitting p : Y p−→ X ν−→ X , wherep is the quotient morphism by a Ga-action on Y
andX = Spec A withA the factorial closure of A in B. Let δ be the locally nilpotent derivation associated to the Ga-action.
Then Ker δ = A. Since Q (A) = Q (A) and A = B ∩ Ker DL, it follows that A = A. By [27],A is a polynomial ring in two
variables over k. For the last assertion, we can show that the coefficient row vector (b1, b2, b3) of the derivation D written
in the form (1) is equivalent to fy fzgy gz
 ,  fz fxgz gx
 ,  fx fygx gy
 , (6)
where the equivalence means that the row vector in the displayed form (2) divided by the gcd of the entries (reduced form)
is equal to a constant multiple of (b1, b2, b3). For the locally nilpotent derivation δ, the coefficient row vector of δ put into
the reduced form is equivalent to the above displayed row vector put into the reduced form. The reduced form of a locally
nilpotent derivation is also a locally nilpotent derivation. In fact, write δ = dδ, where d ∈ B and δ is the reduced form of
δ. Since δ is a locally nilpotent derivation, there exists an element b ∈ B such that δ(b) is a nonzero element of A = Ker δ.
Then δ(b) = dδ(b) ∈ A implies that d ∈ A. Then δ is a locally nilpotent derivation. The assertion follows from these
observations. 
If dim A = 1, then A is a polynomial ring in one variable over k. In fact, A is rational by Lüroth’s theorem and A is a normal
algebra with A∗ = k∗. Let dim A = 2. In [27], it is shown that if D is locally nilpotent then A is a polynomial ring in two
variables. We will show in this section a slight generalization of this result. We consider the following two conditions.
(H1) Every fiber of p : Y → X is one-dimensional.
(H2) X is Q-factorial.
Then we have the following result.
Theorem 4.3. Let the notations be as above. Suppose that dim A = 2 and that the conditions (H1) and (H2) are satisfied. Then A
is a polynomial ring in two variables.
Let Sing X be the singular locus of X and let X◦ = X − Sing X .
Our proof follows essentially the same arguments in [27] and consists of several lemmas below. So, the readers are
referred to [27] for the assertions without proofs. In the following lemmas, we tacitly assume that the conditions (H1), (H2)
are satisfied.
Lemma 4.4. (1) X◦ has logarithmic Kodaira dimension−∞.
(2) Y − p−1(Sing X) is simply connected.
Proof. For the proof of the assertion (1), see [27, Lemma 4 and a part of the proof of Theorem 3]. For the assertion (2),
note that Sing X is the empty set or a finite set. Hence p−1(Sing X) has codimension ≥ 2 by the assumption (H1). So,
Y − p−1(Sing X) is simply connected. 
Lemma 4.5. The surface X satisfies one of the following two conditions.
(1) X has an A1-fibration ρ : X → C such that C ∼= A1 and every fiber of ρ is irreducible.
(2) X is isomorphic to A2/Γ with Γ a finite subgroup of GL(2, k).
Proof. Since X◦ has logarithmic Kodaira dimension −∞, either X◦ is affine-ruled or X◦ contains a Platonic A1∗-fiber space
A2/Γ − {O} as an open set U so that X◦ − U is a disjoint union of the affine lines. We consider these two cases separately.
In both cases, it is crucial that X being Q-factorial implies that Pic (X) is a torsion group.
Case 1. Suppose that X◦ is affine-ruled. Then there exists an A1-fibration ρ◦ : X◦ → C , where C is a smooth curve and ρ◦
is surjective. Since X is affine, ρ◦ extends to anA1-fibration ρ : X → C . Since the composite of themorphisms ρ ·p : Y → C
is a dominant morphism, C is rational. If C ∼= P1, X is not Q-factorial [24, Proof of Lemma .4, Chapter I]. Hence C is affine.
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Meanwhile, since A∗ = k∗, it follows that C ∼= A1. If a fiber ρ−1(q) over a point q ∈ C has r irreducible components, the
Picard number rank Pic (X)⊗ Q is greater than or equal to r − 1. Hence each irreducible component of ρ is irreducible.
Case 2. Suppose that X◦ contains an open set U isomorphic to A2/Γ − {O} and X◦ − U is a disjoint unionsi=1 Ci. Then
rank Pic (X)⊗ Q ≥ s. Hence s = 0 and X◦ = U . Since X is affine and normal, we have
A = Γ (X◦,OX ) ∼= Γ (A2/Γ − {O}) = Γ (A2/Γ ,OA2/Γ ).
This implies that X ∼= A2/Γ . 
Lemma 4.6. Suppose that X has an A1-fibration ρ : X → C as in Lemma 4.2. Then the following assertions hold.
(1) If P ∈ X is a singular point of X, then X has a cyclic quotient singularity at P and the fiber ρ−1(ρ(P)) is a multiple fiber.
(2) If m1F1, . . . ,mrFr exhaust all the multiple fibers of ρ , then π1(X◦)∼= Pic (X◦)∼=∏ri=1 Z/miZ.
Proof. See [26] for the assertion (1) and [14, Lemma 4.3] for the assertion (2). 
Proof of Theorem 4.3. In the case (1) of Lemma 4.5, if ρ has no multiple fibers, then X = X◦ by the proof of Lemma 4.6,
(1) and ρ : X → C is an A1-bundle over C ∼= A1. Hence X ∼= A2. So, we assume that ρ has a multiple fiber. In both cases
of Lemma 4.5, let µ : Z → X◦ be the universal covering. Then degµ > 1 by the assumption. Let W = p−1(X◦) and letW = W ×X◦ Z . Then the first projection p1 : W → W is a finite étale morphism. Since W = Y − p−1(Sing X) is simply
connected by Lemma 4.4, W is a disjoint sum of the components isomorphic toW . Hence there is a splitting
p : W p−→ Z µ−→ X◦.
This yields the ring homomorphism
A = Γ (X◦,OX◦) µ
∗−→ Γ (Z,OZ ) p∗−→ Γ (Y ,OY ) = B ,
where Γ (Z,OZ ) is a subalgebra of (in fact, equal to) the integral closure of A in B. Since A is integrally closed in B, this is a
contradiction. 
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